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Abstract
Let n be a positive integer. Let S = {x1, . . . , xn} be a set of n distinct positive integers. The
least common multiple (LCM) matrix on S, denoted by [S], is deﬁned to be the n× n matrix
whose (i, j)-entry is the least common multiple [xi, xj ] of xi and xj . The set S is said to
be gcd-closed if for any xi, xj ∈ S, (xi , xj ) ∈ S. For an integer m> 1, let (m) denote the
number of distinct prime factors of m. Deﬁne (1)= 0. In 1997, Qi Sun conjectured that if S
is a gcd-closed set satisfying maxx∈S{(x)}2, then the LCM matrix [S] is nonsingular. In
this paper, we settle completely Sun’s conjecture. We show the following result: (i). If S is a
gcd-closed set satisfying maxx∈S{(x)}2, then the LCM matrix [S] is nonsingular. Namely,
Sun’s conjecture is true; (ii). For each integer r3, there exists a gcd-closed set S satisfying
maxx∈S{(x)} = r, such that the LCM matrix [S] is singular
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1. Introduction
In 1876, Smith [11] proved that the determinant of the n× n matrix [(i, j)]n which
has the greatest common divisor (i, j) of i and j as its (i, j)-entry is the product∏n
k=1 (k), where  is Euler’s totient function. Smith also showed that if f is an
arithmetical function and [f (i, j)] is the n×n matrix having f evaluated at the greatest
common divisor (i, j) of i and j as its (i, j)-entry, then det[f (i, j)] =∏nk=1(f ∗)(k),
where  is Möbius function and f ∗ is the Dirichlet convolution of f and . In 1972,
Apostol [1] extended Smith’s result. In 1988, McCarthy [10] generalized Smith’s and
Apostol’s results to the class of even functions (mod r). In 1993, Bourque and Ligh
[4] extended the results of Smith, of Apostol, and of McCarthy. In 1999, Hong [8]
improved the lower bounds for determinants of matrices considered by Bourque and
Ligh. In 2002, Hong [9] generalized the results of Smith, of Apostol, of McCarthy and
of Bourque and Ligh.
Let S = {x1, . . . , xn} be a set of n distinct positive integers. The n× n matrix (S),
having the greatest common divisor (xi, xj ) of xi and xj as its (i, j)-entry, is called
the greatest common divisor (GCD) n× n matrix on S. The n× n matrix [S], having
the least common multiple [xi, xj ] of xi and xj as its (i, j)-entry, is called the least
common multiple (LCM) n× n matrix on S. The set S is said to be factor-closed if it
contains every divisor of x for any x ∈ S. It is clear that for any positive integer n,
the set {1, . . . , n} is factor-closed. The set S is said to be gcd-closed, if for all i and
j, (xi, xj ) is in S. Evidently, a factor-closed set is gcd-closed but not conversely. For
example, S = {1, 2, 3, 5, 9, 10, 15, 18} is gcd-closed but not factor-closed.
From Smith’s result [11], one can see that the GCD matrix (S) and the LCM matrix
[S] are nonsingular when S is a factor-closed set. By Beslin and Ligh’s result [2], one
sees that the GCD matrix (S) is nonsingular when S is a gcd-closed set. In general, an
LCM matrix need not be nonsingular. For the case that S is a gcd-closed set, Bourque
and Ligh in 1992 (see [3]) conjectured that the LCM matrix [S] on a gcd-closed set S
is nonsingular.
In [5], we gave a simple formula for the determinant of the LCM matrix [S] on
a gcd-closed set S. In [7], by introducing the concept of the greatest-type divisor, we
gave a further reduction of the formula for the determinant of the LCM matrix [S] on
a gcd-closed set S. We [7] also showed that the above conjecture is true if n7 and is
not true if n8. In [6], we also showed that the above conjecture is true for a certain
class of gcd-closed sets S.
For any integer x > 1, let (x) denote the number of distinct prime factors of
x. Deﬁne (1) := 0. In an individual conversation with the author in January, 1997,
Professor Qi Sun at Sichuan University CONJECTURED that if S is a gcd-closed set
satisfying maxx∈S{(x)}2, then the LCM matrix [S] is nonsingular. In this paper,
we solve completely Sun’s conjecture by using the method of [7]. We will show the
following result: (i). If S is a gcd-closed set satisfying maxx∈S{(x)}2, then the
LCM matrix [S] is nonsingular. Namely, Sun’s conjecture is true; (ii). For each integer
r3, there exists a gcd-closed set S satisfying maxx∈S{(x)} = r, such that the LCM
matrix [S] is singular. In the last section, we introduce the concept of a primitive
singular number. A conjecture on primitive singular number is proposed there. A set
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S is called an odd-gcd-closed set if S is gcd-closed and every element of S is an odd
number. Finally we conjecture that the LCM matrix [S] deﬁned on any odd-gcd-closed
set S is nonsingular.
2. Preliminaries
In the present section, we recall known results which will be needed in the proof of
our main result in this paper.
Proposition 2.1 (Bourque and Ligh [3]). Let S = {x1, . . . , xn} be a set of distinct
positive integers. If S is gcd-closed, then
det[S] =
n∏
k=1
x2kk, (1)
where
k = k(x1, . . . , xk) =
∑
d|xk
xt<xk⇒d |/ xt
g(d), (2)
with the arithmetical function g deﬁned by g(m) = 1
m
∑
d|m d(d), the function 
being the Möbius function.
Deﬁnition 2.2 (Hong [7]). Let Z = {z1, . . . , zk} be a set of k distinct positive integers.
Then the function k on Z is deﬁned as follows:
k(z1, . . . , zk) =
1
zk
+
k−1∑
r=1
(−1)r
∑
1 i1<···<ir k−1
1
(zi1 , . . . , zir , zk)
, (3)
where (zi1 , . . . , zir , zk) denotes the greatest common divisor of zi1 , . . . , zir and zk.
Obviously, if {j1, . . . , jk−1} is a permutation of {1, . . . , k − 1}, then we have
k(zj1 , . . . , zjk−1 , zk) = k(z1, . . . , zk−1, zk).
Deﬁnition 2.3 (Hong [7]). Let T be a set of distinct positive integers. For any a, b ∈ T
and a < b, we say that a is a greatest-type divisor of b in T, if a|b and the conditions
a|c|b and c ∈ T imply that c ∈ {a, b}.
For example, let T = {2, 4, 6, 8, 10, 12, 14, 16}. Then 4 is the greatest-type divisors
of 8 and 12 in T, but 4 is not the greatest-type divisor of 16 in T. In fact, for x ∈ T ,
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let R(x) denote the set of the greatest-type divisors of x in T, then we have R(2) = ,
R(4) = R(6) = R(10) = R(14) = {2}, R(8) = {4}, R(12) = {4, 6} and R(16) = {8}.
Proposition 2.4 (Hong [7, Lemma 3]). Let S be gcd-closed and for 1kn, let k
be deﬁned as in (2). Let Rk = {yk,1, . . . , yk,lk } be the set of the greatest-type divisors
of xk in S, where yk,1 < · · · < yk,lk , l1 = 0, l2 = l3 = 1, and 1 lkk − 2 for k4.
Then we have
k = lk+1(yk,1, . . . , yk,lk , xk).
Proposition 2.5 (Hong [7, Lemma 4]). Let S be gcd-closed and for 1kn, let k
be deﬁned as in (2). Let Rk = {yk,1, . . . , yk,lk } be the set of the greatest-type divisors
of xk in S. If lk2, then we have
lk+1(yk,1, . . . , yk,lk , xk) = 0.
3. The main result and its proof
Throughout this section, let S = {x1, . . . , xn} be gcd-closed. Without loss of gener-
ality, we may let 1x1 < · · · < xn. For 1kn, let k be deﬁned as in (2). Note
that 1(x1) = 1x1 > 0. So we need only to consider the case 2kn. First we have
the following lemmas:
Lemma 3.1. If xk = pe, where k2, p is a prime and e is a positive integer, then
we have
k(x1, . . . , xk) < 0.
Proof. Let Rk be the set of the greatest-type divisors of xk in S. Since xk = pe, we
must have Rk = {pt }, where 0 te − 1. It then follows from Proposition 2.4 that
k(x1, . . . , xk) = 2(pt , xk) =
1
pe
− 1
pt
.
But te − 1. Thus we have 1
pe
< 1
pt
. So k(x1, . . . , xk) < 0 as desired. The proof is
complete. 
Lemma 3.2. If xk = peqf , where k2, p and q are distinct primes, e and f are
positive integers, then we have
k(x1, . . . , xk) = 0.
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Proof. Let Rk be the set of the greatest-type divisors of xk in S and let |Rk| = m.
Since xk = peqf , one may let Rk = {pe1qf1 , . . . , pemqfm}, where ei and fi(1 im)
are nonnegative integers satisfying 0eie, 0fif and ei + fie + f − 1. We
claim that for any i, j ∈ {1, . . . , m}, i = j, we have ei = ej . Otherwise, suppose that
there exist i, j ∈ {1, . . . , m}, i = j, such that ei = ej . Then we have pei qfi |pej qfj
or pej qfj |pei qfi , which is impossible. Thus ei = ej for any i, j ∈ {1, . . . , m}, i = j .
Similarly, for i, j ∈ {1, . . . , m}, i = j , we have fi = fj . Without loss of generality, one
can assume that 0e1 < e2 < · · · < em. Since pe1qf1 , . . . , pemqfm are the greatest-type
divisors, one can deduce that f1 > f2 > · · · > fm0. For m2, by Proposition 2.5
we have m+1(pe1qf1 , . . . , pemqfm, peqf ) = 0. It then follows from Proposition 2.4
that k(x1, . . . , xk) = 0.
In what follows let m3. Noting that 0e1 < e2 < · · · < eme and f f1 >
· · · > fm0, then by Proposition 2.4 we have
k(x1, . . . , xk) = m+1(pe1qf1 , . . . , pemqfm, peqf )
= 1
peqf
− 1
pe1qf1
− · · · − 1
pemqfm
+
m∑
t=2
(−1)t
∑
1 i1<···<it m
1
(peqf , pei1qfi1 , . . . , peit qfit )
= 1
peqf
− 1
pe1qf1
− · · · − 1
pemqfm
+
m∑
t=2
(−1)t
∑
1 i1<···<it m
1
pei1 qfit
= 1
peqf
− 1
pe1qf1
− · · · − 1
pemqfm
+ 1
pe1qf2
+ · · · + 1
pem−1qfm
+ C,
where
C =
m∑
t=2
(−1)t
∑
1 i1<···<it m
i1+1<it
1
pei1 qfit
.
In order to obtain the value of C, observe that a + 1 < b implies that b − a − 11,
so that
C =
∑
2a+1<bm
b−a+1∑
t=2
(−1)t
∑
a=i1<···<it=b
1
pei1 qfit
=
∑
2a+1<bm
b−a+1∑
t=2
(−1)t 1
peaqfb
∑
a=i1<···<it=b
1
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=
∑
2a+1<bm
b−a+1∑
t=2
(−1)t 1
peaqfb
(
b − a − 1
t − 2
)
=
∑
2a+1<bm
1
peaqfb
b−a+1∑
t=2
(−1)t−2
(
b − a − 1
t − 2
)
=
∑
2a+1<bm
1
peaqfb
b−a−1∑
l=0
(−1)l
(
b − a − 1
l
)
=
∑
2a+1<bm
1
peaqfb
(1− 1)b−a−1
=
∑
2a+1<bm
1
peaqfb
0 = 0
and therefore that
k(x1, . . . , xk) = 1
peqf
− 1
pe1qf1
− · · · − 1
pemqfm
+ 1
pe1qf2
+ · · · + 1
pem−1qfm
= 1
peqf
+
(
1
pe1qf2
− 1
pe1qf1
− 1
pe2qf2
)
+
(
1
pe2qf3
− 1
pe3qf3
)
+ · · · +
(
1
pem−1qfm
− 1
pemqfm
)
. (4)
Since e1 < e2 and f1 > f2, we have e2 − e11 and f1 − f21. One can deduce that
(pe2−e1 − 1)(qf1−f2 − 1)− 1(2− 1)(3− 1)− 1 = 1. Then we have
1
pe1qf2
− 1
pe1qf1
− 1
pe2qf2
= 1
pe2qf1
[(pe2−e1 − 1)(qf1−f2 − 1)− 1] > 0. (5)
For i = 3, . . . , m− 1, since ei−1 < ei, ei − ei−11, one then has
1
pei−1qfi
− 1
pei qfi
= p
ei−ei−1 − 1
pei qfi
> 0. (6)
It then follows from (4)–(6) that
k(x1, . . . , xk) > 0.
This completes the proof of Lemma 3.2. 
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Now we can state the main result of this paper as follows:
Theorem 3.3. Each of the following is true:
(i) If S is a gcd-closed set satisfying maxx∈S{(x)}2, then the LCM matrix [S]
deﬁned on S is nonsingular;
(ii) For each integer r3, there exists a gcd-closed set S satisfying maxx∈S{(x)} = r ,
such that the LCM matrix [S] deﬁned on S is singular.
Proof. (i) Let n be a positive integer and S = {x1, . . . , xn} be gcd-closed. We claim
that for 1kn, k(x1, . . . , xk) = 0. If k = 1, 1(x1) = 1x1 = 0. In what follows let
k2. Since maxx∈S{(x)}2, then for xk (2kn), noting that xk > 1, we have
(xk) = 1, or 2. Namely, we have xk = pe, where e1 is an integer and p is a prime,
or xk = peqf , where e1 and f 1 are integers, p and q are distinct primes.
If xk = pe, it follows from Lemma 3.1 that k(x1, . . . , xk) = 0, in which the claim
is true.
If xk = peqf , it follows from Lemma 3.2 that k(x1, . . . , xk) = 0, in which the
claim is true.
It then follows from the claim and Proposition 2.1 that det[S] = 0, thus completing
the proof of part (i).
(ii) For r = 3, let S = {1, 2, 3, 5, 6, 10, 15, 27, 270}. Then we have maxx∈S{(x)} =
(270) = 3. Clearly S is gcd-closed and the set of the greatest-type divisors of x9 = 270
in S is equal to {6, 10, 15, 27}. It then follows from Proposition 2.4 that
9 = 5(6, 10, 15, 27, 270) =
1
270
− 1
6
− 1
10
− 1
15
− 1
27
− 1
3
+ 1
2
+ 1
5
= 0.
Then by Proposition 2.1, one can see that the LCM matrix [S] on S is singular.
For r4, let a be a positive integer such that (a, 2) = (a, 3) = (a, 5) = 1 and
(a) = r − 3. Let S = {1, a, 2a, 3a, 5a, 6a, 10a, 15a, 27a, 270a}. Then S is a gcd-
closed set satisfying maxx∈S{(x)} = (a) + (270) = (r − 3) + 3 = r . Clearly the
set of the greatest-type divisors of x10 = 270a in S is equal to {6a, 10a, 15a, 27a}. By
Proposition 2.4, we have
10 = 5(6a, 10a, 15a, 27a, 270a) =
1
a
· 5(6, 10, 15, 27, 270) =
1
a
· 0 = 0.
Therefore the LCM matrix [S] on S is singular. The proof of part (ii) is complete. 
By Theorem 3.3 (i), one can see immediately that Sun’s conjecture is true.
4. Primitive singular numbers
Let x be a positive integer. We say that x is a singular number, if there exists an
integer n8 and a gcd-closed set S = {x1, . . . , xn}, where 1x1 < · · · < xn = x,
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such that n(x1, . . . , xn) = 0. For example, both x = 270 and x = 227700 are singular
numbers. Since
9(1, 2, 3, 4, 5, 6, 10, 45, 180) = 5(4, 6, 10, 45, 180)
= 1
180
− 1
4
− 1
6
− 1
10
− 1
45
+ 1
3
+ 1
5
= 0
and
8(1, 2, 3, 5, 42, 110, 2295, 353430)
= 4(42, 110, 2295, 353430)
= 1
353430
− 1
42
− 1
110
− 1
2295
+ 1
2
+ 1
3
+ 1
5
− 1 = 0,
x = 180 and 353430 are also singular numbers. We say that x is a nonsingular number,
if x is not a singular number. We say that x is a primitive singular number, if x is
a singular number and for any x′|x, 1x′ < x, x′ is a nonsingular number. One can
check that x = 180 is a primitive singular number. Applying the methods used in this
paper and in [7], one can prove that each positive integer less than 180 is a nonsingular
number, thus establishing that x = 180 is the least primitive singular number. One can
also check that x = 270 is the second least primitive singular number. Of course one
can ﬁnd more primitive singular numbers by our method.
It is easy to see that if x is a singular number, then xy is also a singular num-
ber for any positive integer y. Thus there are inﬁnitely many singular numbers. By
Lemmas 3.1 and 3.2, one knows that every positive integer which has no more than
two distinct prime factors is a nonsingular number. So there are inﬁnitely many nonsin-
gular numbers. However it is not clear that there are inﬁnitely many primitive singular
numbers. This observation motivates the following conjecture.
Conjecture 4.1. There are inﬁnitely many primitive singular numbers.
We call a positive integer x an even primitive singular number if x is a primitive
singular number and an even number. Similarly, a positive integer x is said to be an
odd primitive singular number if x is a primitive singular number and an odd number.
It is surprising that all primitive singular numbers that we computed in the examples
above are even. It is not clear that there are inﬁnitely many even primitive singular
numbers. So far, we have not found an odd primitive singular number yet. It is still
not clear that there exists an odd primitive singular number. We suggest the following
conjectures.
Conjecture 4.2. There are inﬁnitely many even primitive singular numbers.
Conjecture 4.3. There does not exist an odd primitive singular number.
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A gcd-closed set S is called an even-gcd-closed set if S is not odd-gcd-closed. By
the proof of Theorem 3.3 (ii), we know that there are inﬁnitely many even-gcd-closed
sets S such that the LCM matrix [S] deﬁned on S is singular. However, it is not clear
that there is an odd-gcd-closed set S such that the LCM matrix [S] deﬁned on S is
singular. We raise the following conjecture.
Conjecture 4.4. The LCM matrix [S] deﬁned on any odd-gcd-closed set S is nonsin-
gular.
It is clear that the truth of Conjecture 4.2 should imply the truth of Conjecture 4.1.
On the other hand, Conjecture 4.3 says that a primitive singular number should be
even. We can easily see that Conjecture 4.3 is equivalent to Conjecture 4.4.
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